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Ahhotauha. B pa6oTe fljia p-afliraecKoii fliiHaMiiHecKoii ciiCTeMM f(x) = x 2n+1 + ax n+1 Ha 
MHoacecTBe KOMiuieKCHbix p-afliriecKiix Hiraec C p , nojiHOCTbio oniicaHbi fliiCKii 3iirejis 11 aTTpaK- 

' TOpbl TaKHX CHCT6M. 

o 
Q 

' 1. Bbe^ehhe 

p-aflHHecKne nncjia BnepBbie 6e.ijih BBefleHbi HeMeu,KHM MaTeniaTHKOM K.reH3ejieM. Ilocjie ot- 

KptlTHH p-aflHHeCKHX HHCejI, OHH paCCMaTpHBajIHCB KaK HHCTO MaTeMaTHHeCKHH 06 r beKT HCCJie- 

£^ . ,a;0BaHHH. HaniiHaH c 1980-x ro^OB pa3JiHHHbie MO^ejin, onncaHHbie Ha H3biKe p-aflnnecKoro aHa- 

JIH3a, aKTHBHO H3yHaK>TCH. Pa3JIHHHbie npHMeHeHHH TaKHX HHCejI K TeOpeTHHeCKOH (pH3HKe 6bIJIH 

npefljiOHceHbi b pa6oTax [2]- [6], k KBaHTOBOH Mexamiice - b [7], MHoriiM flpyrHM o6jiacTHM 4>h3hkh 
- b [8],[9]. 

HccjieflOBaHHH b p-a/niHecKOH KBaHTOBoit cpH3HKe CTHMyjinpoBajiH H3yHeHHe p-aflH^ecKHx flH- 
HaMH^ecKHx CHCTeM (cm., HanpHMep, [10]-[13]). HeKOTopbie niarn b stom HanpaBjieHHH [10] noica- 
3biBaiOT, hto flaace npocTbie (MOHOMnajibHbie) flHCKpeTHbie flHHaMHnecKHe chctcmm f(x) = x n 



> 

OV 

Hafl nojiHMH p- a^HHecKHx Hnceji Q p h C p hmciot BnojiHe KOMnjieKCHoe noBe-fleHne. TaKoe no- 
Be^eHHe cymecTBeHHO 3aBHCHT ot 3HaneHHH npocToro Hncjia p. C H3MeHeHneM p aTTpaKTopbi 



OTo6pa?KaiOTCH b ^hckh 3nrejiH h o6paTHO. Hhcjio hhkjiob h hx ,a;jiHHbi TaKHce 3aBHCsrr ot p 

(CM. [14]). B CBH3H C 3THM B03HHKaGT Sa^aHa H3yHeHHH B03MyiU,eHHbIX BHHaMHHeCKHX CHCTeM 

BHfla f q (x) = x n + q(x), vf\e B03MymeHHe 3a,a;aeTC5i hckotopbim MHoroHjieroiM q[x). B pa6o- 

TaX [21], [22] HCCJieflOBaHbl CBH3H TaKHX ^HHaMHHeCKHX CHCTeM C MOHOMHajIbHblMH CHCTeMaMH. 

A TaKJKe H3yneHbi nepHOflnnecKHe tohkh B03Mym,eHHHx chctcm. 3th HCCJieflOBaHHH noKa3biBa- 

K)T, HTO nOBefleHHe B03MyiU,eHHbIX CHCTCM OTJIHHHbl OT 06bIHH0r0 (MOHOMHajIbHOro) H nOSTOMy 

H3yHeHHe Taxnx chctcm Ba>KHO (cm. TaK»ce [1, 13]).Bojiee o6iu,He Hccjie^OBaHHii nojiHHOMHajib- 
hhx flraaMHiecKHx chctcm npoBOflHjiHCb b [25]- [27], r^e H3yHeHbi MHOJKecTBa ^>KyjiHH (Julia) h 
(PaTy TaKHX chctcm. 3th HCCJie^OBaHHii CTHMyjinpyiOT H3yHeHHH komhohcht MHO?KecTBa <J>aTy 

flJIH nOJIHHOMHajIbHblX flHHaMHieCKHX CHCTCM, KOTOpOe COflepjKHT aTTpaKTOpbl H flHCKH 3HrejIH 

(cm. [26], [27], [29]). nosTOMy, b [23] 6bijio H3yHeHO aTTpaKTopbi h ^hckh 3nrejiH 6ojiee npocTOH 
flHHaMHHecKofi CHCTeMbi BHfla f(x) = x s +ax 2 Hafl Q p npn Bcex bosmojkhmx 3HaHeHHHx napaMeT- 
pa a. B HacToamen pa6oTe 6y^eT paccMaTpnBaTbCH o6o6ineHHe Bbiine CKa3aHHOH CHCTeMbi6 T.e. 
g(x) = x 2n+1 + ax n+1 Hafl nojieM C p . tfeynaiOTCfl ^hckh 3nrejiH h aTTpaKTopbi TaKOH CHCTeMbi. 
3aMeTHM, hto Bbi6op BHfla o6ycjiOBjieH TeM, hto HenoflBHJKHbie tohkh (pyHKu;HH g(x) HaxoflHTCH 
b hbhom BHfle. 3aMeTHM, hto Haiue HCCjie^OBaHHe cymecTBeHHO ocHOBaHO Ha p-a^HHecKOM aHa- 
jiH3e. 
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2. IlPEflBAPHTEJTBHblE CBEflEHHfl 

2.1. p-a/^HMecKHe MHCJia. IlycTb <Q p nojie p-a^HnecKHx nnceji, KOTopoe hbjihctch nonojiHeHneM 

nojiH pau;HOHajibHE.ix Hiiceji Q no OTHOineHHio p-a/ninecKOH HopMbi, onpeflejieHHbift Ha Q, 3,a;ecb 

h ,n,ajiee p - cpHKcnpoBaHHoe npoeroe hhcjio. 3Ta HopMa onpe^ejiHeTCH cjieflyiomHM o6pa30M. 

KajK^oe pauiiOHajibHoe hhcjio i/O mojkho 3anncaTb b Bii^e x = p r — , r^e n h m He ^ejiHTCH 

to 

Ha p. Tor^a p-a^HHecKaH HopMa x paBHa \x\ p = p~ r . 

3Ta HopMa yflOBjieTBopaeT cnjibHOMy HepaBeHCTBy TpeyrojibHHKa: 

\x + y\ p < max{|x| p , \y\ p }. 

3to cbohctbo noKa3biBaeT HeapxHMeflOBOCTb HopMbi. 

tfe SToro CBOHCTBa Henocpe^CTBeHHO cjie^yiOT cjie^yiomHe: 

1) ecjin \x\ p / \y\ p , to \x - y\ p = max{|x| p , \y\ p }; 

2) ecjin \x\ p = \y\ p , to |x — y\ p < \x\ p ; 

Ilojie Q p He HBjiaeTCH ajire6paHHecKH nojiHMM, nosTOMy nepe3 o6o3Ha x iaeTCS[ ee ajire6pa- 
HnecKoe 3aMbiKaHne. B cnjiy TeopeMbi Kpyjijia (cm. [28, TeopeMa 14.1, 14.2]) HopMa 3a,a;aHHaH b 
Q p HMeeT e^HHCTBeHHoe npo,i];ojiJKeHHe ^o Q p , KOTopoe TO»ce HBjisieTCH HeapxHMe^OBbiM. 3aMe- 

THM, HTO Qp He HBJIHeTCH nOJIHbIM OTHOCHTejIbHO 3TOH HOpMbl. IlonOJIHeHHe Q p TaKJKe HBJIHeTCH 

ajire6panHecKH nojiHbiM (cm. [28, TeopeMa 17.1]), h oho o6o3HaHaeTCH nepe3 C p h Ha3biBaeTCH 
noAeM KOMruiencHux p-adunecKux nuceji. 
Jlpsi Jiio6oro a G C p h r > o6o3HanHM 

U r (a) = {x G Cp : |x — a\ p < r}, S r (a) = {x G C p : \x — a\ p = r}. 

,I[oKa3aTejibCTBO cjie,ayiomHx JieMM mojkho hcihth b [10], [30]. 

JleMMa 2.1. Ecau a G Si(0) ; mo Si(0) \ Ui{a) C Si (a). 
JleMMa 2.2. Ilycmt, C% = n\/(k\{n - k)\), k<n. Toeda \C% < 1. 
06o3Ha x iHM r( m ) = {x G Cp : x rn = 1}, to G N, 

p _ I ioo p(m) p | ioo p(W) p _ M oo p 

Mepe3 0^ (j = l,fe) o6o3Ha x niM k-Tbm KopeHb H3 1, npnneM = 1- 

JleMMa 2.3. CAedywui,ue ymeepcHcdenuM eepuu: 

(1) Ilycmb y n = a, zde a = 0j,n~i 3ah neKomopozo j = l,n — 1 u y ^ a. Ecau (n,p) = 1, 
mo y G Si (a). 

(2) r u cSi(l); 

(3) |CyJp < | 3am aw6ozo j = l,p k - 1; 

(4) r p cc/i(i). 
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OyHKi^HH / : U r (a) — ► C p Ha3biBaeTCH auaAumuHecKou , ecjin ee mojkho npefleraBHTb b bh^g 

oo 

f{x) = Y J Ux-a) n , f n eC p , 

n=0 

3Jj,ecb cxo/];hmoctb noHHMaeTCH b CMbicjie HopMbi Ha inape U r (a). Bojiee uoflpo6so 06 aHajiHTH- 
necKHx (pymcipiflx mojkho HafiTH b [31]. 

Ochobbi p-amrqecKoro aHajiroa h p-amrqecKOH MaTeMaTHHecKoft c[)H3hkh ,a;aHbi b [8], [18]. 

2.2. /^HHaMHHecKHe CHCTeMbi Ha C p . B stom nyHKTe mm h&iiomhhm (cm., HanpiiMep, [29], [31]) 
HeKOTopbie H3BecTHbie cpaKTbi, OTHOCHmneca k mrHaMHHecKOH chctcmc (/, U) Ha C p , r^e f : x €. 
U — > /(x) £ {/ - aHajiHTHnecKaa cpyHKUHH h J7 = U r (a) hjih C p . 

IlycTb / : f/ — > [7 HBjiaeTCH aHajiHTHHecKoft cpyHKinieii. 06o3HanHM f n (x) = / o ■ ■ ■ o /(x), 

V v ' 

n 

r,a;e x & U. Ecjih f(xo) = xq, Torjj,a Xo Ha3biBaeTCH uenodeuMCHOU tuohkou. HenoflBHHCHaa TOHKa 
xo Ha3biBae-TCH npumsieueaioineu, earn cymecTByeT OKpecTHOCTb U(xq) tohkh xq TaKan, hto 
fljiH Bcex y G £^(xo) hmcgt MecTO lim f n (y) = Xq. Ecjih Xq - npHTHTHBaioiHaH TOHKa, Tor^a 

n^oo 

ammpaKinupyfoinuM 6acceunoM Ha3bmae-TCH mhojkcctbo 

A(xq) = {x £ C p : f n (x) — > xo, n — > 00}. 

IlycTb xo - HenoflBHJKHaa Tomca fljra (pyHKHHH /(x). ToBopHT, hto map U r (xo) (HaxoflHiHHHCH 
b U) 6yn,eT ducKOM 3mejiM, ecjin KajK^aa ccpepa S p (xq), p < r hbjihctch HHBapnaHTHOH ccpepoft 

OTHOCHTC-JIbHO /(x), T.C eCJIH X 6 S p (xo), TO BCe HTepaHHH 3TOH TOHKH HaXOflHTCH B TOH JKe 

caMOH ccpepe, T.e. f n (x) £ S p (xq) ^jih Bcex n = 1,2.... 06T>eflHHeHHe Bcex ^hckob 3nrejia 

C HeHTpOM B TOHKfi Xo Ha3bIBaeTCH MCLKCUMCLAbHUM duCKOM 3meJltt H OHO o6o3HaHaGTCH KaK 

5/(x ). 

3aMeMaHHe.[10] B komhjtgkchoh reoMeTpHH i^e-Hrp ^HCKa o^HOSHaHHO onpe^ejiHeTCH ^hckom, 
h pa3JiHHHbie HenoflBHJKHbie tohkh He MoryT hmctl ofliH h tot »ce ^hck 3nrejiH. B HeapxHMe^o- 
bom cjiynae ije-HTp ^HCKa - sto Jiio6aH TOHKa, npHHaflJiejKamaa STOMy ^HCKy. BiosTOMy b npnH- 
n,Hne pa3JiHHHbiM HenoflBHJKHbiM tohk^m mojkbt cooTBeTCTBOBaTb oflHH h tot »ce ,a;HCK 3nrejiH, 
hto flenaeT HeapxHivre^OBbiH cjiynan otjihhhmm ot o6biHHoro cjiynaa. 

BiycTb xo - HenoflBHJKHan TOHKa aHajniTHHecKOH (pyHKi^HH /(x). Hojiojkhm 

A - 

ToHKa xo Ha3biBaeTCH ammpaKmupywu^eu, ecjin < |A| P < 1; cedAoeou, earn |A| P = 1 h 
ommajiKueawineu, ecjin |A| P > 1. 



TeopeMa 2.4. [10] Ilycmb xq - nenodeuMcnan moHKa aHajiumuuecKou (pyHKi^uu f : U —> U . 
Tozda CAedytomue ymeepofcdenusi eepnu: 

1 . ecjiu xq ammpaKmupywmfttt moHKa djin f , mo ona neAnemcn npumnzueamuyzu 3ah 
ditHdMUHecKou cucmeMU (f, U) . Ecau hucao r > ydoeAemeopsiem Hepaeencmey 

1 d n f 



max 

Kn<oo 



n! dx n 



r"" 1 < 1 



(2.2) 



u U r (xo) C U, mo U r (xo) C ^4(xq); 
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2 . ecAU xq - ced/ioean mouna 3am f , mo ona .aeAHemcH v ) eHmpoM ducna 3meAH. Ecau 
hucao r > ydoeAemeopsiem Hepaeencmey 

i d*/, 



s = max 

2<n<oo 



n! dx n 



(so) 



r"- 1 < 1 (2.3) 



u ^(xo) C J7, mo U r (xo) C SI(xo); 

3. ^hhamhheckaa chctema /(x) = x 2n+1 + ax n+1 

B 3tom nyHKTe paccMOTpiiM aHajiiiTHHecKyio (pyHKunio / : C p — ► C p , onpe^ejieHHyio no 
(popinyjie: 

/( x ) =x 2n+1 +ax n+1 , (3.1) 

r,n;e \a\ p < 1, a / 0, n £ N. 

^ajiee 6yn,eM npe^nojiaraTb, hto p > 3. I4cnojiB3yH TeopeMy 2.4 ,a;oKajKeM HeKOTopue CBoiiCTBa 

flJIH flHHaMHHeCKOH CHCTeMbI (3.1). 

3aMeTHM, HTO HenOflBHJKHblMH TOHKSMH (pyHKUHH (3.1) HBJI5HOTCH {^i}i=T2n5 r A e X ? = C + J 

z = 1, n h x™ = c_, j = n + 1, 2n, 3,a,ecb 

c± = i(-a± Va 2 + 4). (3.2) 
JX&jiee nepe3 c 6y^eM o6o3HaHaTt jih6o c_ , jih6o c + . 



JTeMMa 3.1. iTpw \a\ p < 1 cnpaeedAueo paeencmeo \c±\ p = 1. 

/],OKa3ameAbcmeo. B ciuiy p > 3, hm66m |4| p = 1, OTKy^a H3 CBoiiCTBa 1) hopmbi | • \ p nojiynuM 
HyjKHoe paBeHCTBO. □ 

tfe jieMMti 3.1 b KanecTBe aneflCTBira nojiyniiM 
JleMMa 3.2. {xj} 2 ^ C Si(0). 



JTeMMa 3.3. Ilycmb (2n + l,p) = 1. ifc/iu /(y) = Xj d/w Henomopoeo j = l,2n u y 7^ Xj, mozda 
y e S^Xj). 

/[oKasameAbcmeo. IIpeflnojiojKHM, hto y G ?7i(xj), Tor^a y = Xj + 7, r,a;e |7| p < 1. CjieflOBa- 

TejIbHO, 



= \y^ + a y n+1 -xf +1 -ax] +1 \ p 

2n+l n+1 
k=l 1=0 



= |7| P |(2n + l)xf + A 1 | p = | 7 | p , 

r,a;e mm iicnojib30BajiH (2n + l,p) = 1 11 |Ai| p < 1. OTCiOfla cjie^yeT, hto y ^ Ui(xj). 3HaHiiT, 
\y\ P > 1- OTKyna |y| p ™ +1 > |a| p |y|™ +1 , t&k k&k |a| p < 1. H3 |/(y)| p = |xj| p = 1 Haxc-fliiM, hto 
|y| p = 1, cjieflOBaTejibHO, y £ <Si(0) \ U\(xj). B cnjiy jicmmbi 2.1 hmggm y £ Si(xj). JleMMa 
,a,OKa3aHa. □ 

TeopeMa 3.4. CAedywu^ue ymeepofcdenusi eepnu: 

(i) ifc/iu (2n + l,p) = 1, mozda Xj - ufinmp ducna 3useAM u SI(xj) = U\{xj). 



(ii) Ilycmb n =p l , I = 1,2, ... Tozda SI(xj) = Ui(c l / n ) 8am ak>6ozo j = l,n. 
fioKasamejibcmeo. (i) 3aMeTHM, hto 

\f( Xj )\ p = \x]\ p \(2n + l)x] + a(n + l)| p = 1 

H 



m! 



(2n + 1)! 



x 2n-m , (" + !)! g n- 

m!(2n + l — m)! J (n + 1 — m)!m! 3 



< max {|C7 2 - +1 | p ,|C- +1 | p }<l. 
IlpoBepHM ycjiOBne TeopeMbi 2.4: 



q = max 

l<m<oo 



1 



ml 



-J 



Mi 



Xj 



r m-i < r — i max{|C 2 - +1 | p , |CT + iU < 1. 



3to HepaBeHCTBO BtmojiHHeTCH, ecjiH Bti6epeM r < 1. TaKiiM o6pa30M, b cmiy TeopeMbi 2.4, 
Heno^BHJKHaH TOHKa Xj HBjraeTCH u;eHTpoM fliiCKa 3iireji5i. Cjie^OBaTejiBHO, U r (xj) C SI(xj). 
,H,OKajKeM Tenepb, hto f(S\(xj)) ^ Si(xj) fljiH jiio6oro j. ITycTt. y Taxoe, hto f(y) = Xj, Tor^a 
b CHjiy jieMMbi 3.3 HMeeM y G Si(xj). KpoMe Toro, Xj £ S\(xj). Cjie^OBaTejibHO, f(y) ^ S\(xj). 
YTBepjKfleHHe (i) ,n,OKa3aHO. 



(ii) ITycTt. xf = c, T.e. x\ = c. Tor^a 



Xi 
■A/n 



1, T.e. 



G T p . B CHjiy jieMMbi 2.3, HMeeM 



T p C Ui(l). CjieflOBaTejibHO, Xi G [^(c 1 /™), TaK KaK |c 1//ra | p = 1. 5Icho, hto Xj G U\{xi). OTKy^a 
U\(xi) = ^(c 1 /™). B CHjiy (i) nojiy^HM SI(xi) = ^(c 1 /™), i = l,n. TeopeMa ,n,OKa3aHa. □ 

JleMMa 3.5. ifa/iu x ra = c, y n = c u x / y, (p, n) = 1, mo \x — y\ p = 1. 

/foKa3amejibcmeo. IlpeflnojiojKHM, hto |x — y| p < 1, to x = y + 7, |7| p < 1. tlcnojib3yfl 

Mp = Mp = 1 H I Efc=2 C 'n7 fe ~ 1 2/"~ fe |p < 1 HOJiyHIlM 



= \x n - 



,n— fc 



fc=l 



Mp 



P 

— l„,n— fc 



fc=2 



Mp- 



□ 



CjieflOBaTejibHO, x = y, hto npoTiiBopeHHTb ycjiOBHio jieMMbi. JleMMa flOKa3aHa. 

JleMMa 3.6. TTycmto (2n + l,p) = 1 u (n,p) = 1. Toada Xj G S^c 1 /™) u S7(xj) n SI(xj) = 
0, i,j = l,n, i^j. 

/JoKa3ameAbcmeo. Tax KaK x™ = c, to 6 T u . H3 jieMMbi 2.3 cjie/ryeT G S'i(l). OTCiofla 

Xj G 5i(c 1//n ), nocKOjibKy (c 1 /" - ^ = 1. B cnjiy TeopeMbi 3.4 (i), SI(xi) = Ui(xi). IlycTb X{ 7^ Xj 11 
y G U\(xi), T.e. |y — Xj| p < 1. Tor^a, b cnjiy jieMMbi 3.5, \y — Xj\ p = 1, cjie^OBaTejibHO, y £ U\(xj). 
TaKHM o6pa30M, SI(xi) n SI(xj) = 0, i / i- JleMMa flOKa3aHa. □ 

JleMMa 3.7. Ilycmb (n,p) / 1, n = p k m, (m,p) = 1 u Cij = ^rjj, £j G r( m \ rfj = c, i = 
0,m - 1, j = 0,p fe - 1. Toada 



(i) S/Ccjj) = C/i(cy) = SJ(ca), j, / = 0,p fc - l,j / I. 

(ii) SI(c ij )nSI(c kl ) = Q, k + l. 
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/[oKaaameAbcmeo. (i) B stom cjiynae jierKO bii^cte., hto (2n + l,p) = 1. Tor^a, corjiacHO 
TeopeMe 3.4, HMeeM SI(cij) = U\{cij). H3 ycjiOBHH jieMMbi nojiynnM rji G U\(c 1 l p ), OTKy- 
p,& ^irjj G Ui(^iC 1 / p ). C flpyroii CTopoHbi, Cjj = ^r/j G Ui(cij) h cjieflOBaTejibHO, U\(cij) = 
V^c 1 ^), Vj = 1,^-1. 

(ii) B ciuiy ycjiOBHH jieMMbi £j G T u , OTcro^a H3 jicmmbi 2.3 nojiyniiM G Si(l). 3aMeTHM, 
hto |£j — = 1 (cm. jieMMy 3.5) npn i 7^ j. IlycTb y G U\(cij), Tor^a 

|y - c ik \p = \y - c ik + mid - = i- 

3to 03HaHaeT, hto y G" U\{cjk)- CjieflOBaTejibHO, b cnjiy (i), HMeeM 

si(*j) n si(c kl ) = 0, fc^/. 

JleMMa ,a;0Ka3aHa. □ 

JTeMMa 3.8. .Ec/m (2n + / 1, > 1, mozda nenodeuotcHue mounu nejinwmcn ammpaK- 
mupywu^UMU. BoAee moso U\{xj) C A(xj) 3am ak>6ozo j = l,2n. 

JJ^oKa3ameAt>cmeo. IlycTb 2n + 1 = p fc m, fc > 1 c (m,p) = 1. Tor^a HMeeM < 1. 

CjieflOBaTejibHO, KajK^aa HenoflBHacHaa TOHKa HBjiaeTCH aTTpaKTHpyiomnM . Hto6bi onpe^ejiHTb 
aTTpaKTypyiomHH 6acceftH mm Hcnojib3yeM ycjiOBne (2.2) TeopeMbi 2.4, KOTopoe HMeeT bh^ 

q = max {\C? n+1 \ P , \C™ +l \ P }r n ~ l < 1. 

l<n<oo 

Ecjih r < 1, 3to ycjiOBHe BbinojiHaeTCH. TaKHM o6pa30M, U\(xj) C -A(xj). □ 

JleMMa 3.9. Ecau (2n + l,p) 7^ 1, mo 

(J [/i(i,OcAW. 
?er m 

floKa3ameAbcmeo. IlycTb 2n + l = p fe m, (m,p) = 1. PaccMOTpHM £ G T m fc, y G ?7i(xi£). Tor^a 
y = Xj£ + 7 h |7| p < 1. 3aMeTHM, hto 

f\ x + 7 ) = /(/^(x + 7)) = (x + 7 )( 2 ™+ 1 ) fc + A 7 . 

B cnjiy |a| p < 1, ecjin \y\ p = 1, to \ f k (y)\ p = 1 flJifl V/c G TV. TaKHM o6pa30M, H3 f k (y) — (xj£ + 
^(2n+i) fc _ ^ cjie^yeT |A 7 | p < 1 /yifl V| 7 | p < 1. Tenepb paccMOTpHM 

\f {k \y)-x t \ p = \f {k) {y)-f {k \ Xl )\ p 

= |(^ + 7) {2n+1)fc + A 7 -xf" +1)fc -A | p 

(2n+l) fc 

E c| 2n+1)fc y- 1 (^) (2n+1)fc -' + A 7 -A <i. 

CjieflOBaTejibHO, f k (y) G E/i(xj) C A(x{). OTKy^a £/i(xj£) C ^4(xj) h 

|J l7i(xi0cA(xi). 
?er m 

JleMMa ,a;0Ka3aHa. □ 
JleMMa 3.10. Ecau x n = c+, y n = c_ ; mozda \x — y\ p = 1. 
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JJoKa3ameAbcmeo. H3 onpe-flejiemra c± (cm. (3.2)) Haxo^iiM, hto |c+ — c_| p = |Vo 2 + 4| p = 1. 
CjieflOBaTejitHO , 



1 = \x n -y n \ = \x-y\ p 



n-l 



Y^x k y n ~ k 



<\x-y\ p <l 



k=i 

OTKy^a \x — y\ p = 1. 3,a;ecB mbi HcnojiB30Bajin, hto \x\ p = \y\ p = \c±\ p = 1. □ 
JleMMa 3.11. Ilycmb p > 3, (2n + l,p) = 1 a (n,p) = 1. mozda 

SI(xi) l~l SI(x n+j ) = 0, i,j = l,n. 
fioKasamejibcmeo. AHajioriiHHO flOKa3aTejiBCTBy jicmmbi 3.6, ho 3,a;ecB ncnojiB3ye-TCH jieMMa 3.10 

BMeCTO JieMMBI 3.5. □ 

06 r b6 f ijHHHB nojiyneHHtie pe3yjiBTaTti SToro nyHKTa mojkho ccpopMyjiiipoBaTb cjie^yiomyio Teo- 
peMy. 

Teopejua 3.12. Cjiedymw^ue ymeepcHcdenuM eepnu: 



(i) Ecau (2n + l,p) = 1, moeda Xj - ufinmp ducna 3meAn u SI(xj) = Ui(xj), j = l,2n. 

(ii) Ilycmb n = p l ,l e N. Togda SJ(xj) = £/i(c+ /n ), j = T~n u SI(xj) = t/i(c Vn ), j = 
n + 1, 2n. 

(Hi) Ilycmb (2n + = 1 m (n,p) = 1. Tozda Xi G Si(c+ n ), i = l,n u Xj (z Si(cl n ), j - 



n + 1, 2ra. Bojiee mozo, SI{xi) n SI{xj) = ek,» ak>6ux i,j = 1, 2n, i / j,. 

(iv) Ilycmb (n,p) ^ 1, n = p k m, (m,p) = 1 u Cij = ^ijj, & G r (m) , 77? = c, i = 
0,m - 1, j = 0,p fc - 1. Toada S7(qj) = Ui(cij) = SI(c u ) npu l,j = 0,p k - 1, I / j u 
SI(c ij )nSI(c kl ) = Hi, k + i. 

(v) Ecau (2n + 7^ 1, mo 

\J U^XiO C A( Xi ). 
£er m 

Bjiaro^apHOCTt. Abtopbi npii3HaTejiBHBi npocpeccopaM H.B.BojiOBiny 11 A.IO.XpeHHiiKOBy 
3a BHiiMamie, nojie3HBie cobctbi h 3aMeHaHHH. 
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